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The equation for the thermoelastie displacement potential in the 
quasi-steady approximation is refined by taking the body force po- 
tential into account. The equation is solved for bodies of simple 
shape. The optimal law of solidification ensuring minimum tem- 
perature stresses in the crust is determined for an infinite slab. 

The  equa t ion  of t h e r m o e l a s t i c i t y  w r i t t e n  in d i s -  
p l a c e m e n t s  fo r  the  q u a s i - s t e a d y  a p p r o x i m a t i o n  has  
t he  f o r m  [1] 

~v2U + (/` + ~)grad div U - -  

--(3k + 2~)(z gradT + F = 0. (1) 

When th is  equa t ion  is u sed  to s o l v e  p r o b l e m s  of t i l e r -  
m o e l a s t i c i t y  a s s o c i a t e d  wi th  the  hea t Ing  o r  coo l i ng  of 
bod ies  wi thout  p h a s e  t r a n s f o r m a t i o n s  and in t he  absenc  e 
of e x t e r n a l  f o r c e s ,  t he  body f o r c e  v e c t o r  F is t aken  
equal  to z e r o .  N e g l e c t i n g  it  l e ads  to a p a r a d o x i c a l  
r e s u l t :  the  c a l c u l a t i o n s  g ive  n o n z e r o  t h e r m a l  s t r e s s e s  
at the  c r y s t a l l i z a t i o n  f r o m .  At t he  s a m e  t i m  [2], new 
l a y e r s  f o r m i n g  d i m e n s i o n s  c o r r e s p o n d i n g  to the  c r u s t  
of the  ingot  at the  t i m e  of  t h e i r  f o r m a t i o n .  T h e r e f o r e  
t h e r e  should  be  no s t r e s s e s  at  the  c r y s t a l l i z a t i o n  
f ron t .  

As wi l l  be  s e e n  in what  fo l lows ,  t ak ing  the  body 
f o r c e  v e c t o r  into accoun t  in Eq.  (I) m a k e s  it  p o s -  
s i b l e  to e l i m i n a t e  th i s  p a r a d o x .  
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F ig .  1. S t r e s s  d i s t r i b u t i o n  o v e r  t h i c k n e s s  of c r u s t  
fo r  an in f in i t e  s l ab  s o l i d i f y i n g  a c c o r d i n g  to t he  
l aws ;  a) ~ = 1 - 2Fo  (the f i g u r e s  on the  c u r v e s  

r e p r e s e n t  Fo  • 10); b) ~ = l - ~ o .  

Us ing  (with m i n o r  changes)  the  m e t h o d  d e v e l o p e d  
in [3, 4], we  i n t r o d u c e  the  t h e r m o e l a s t i c  d i s p l a c e m e n t  
p o t e n t i a l  ~ s a t i s f y i n g  the  cond i t ion  

U = g r a d ~ .  (2) 

We also introduce the quantity q~ (x i) proportional to 
the body force potential and depending only on the 
coordinates xi: 

F=  - -  (3/` + 2~) a grad ~. (3) 
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Fig .  2. P a r a m e t e r s  k 0 and 50 of the o p t i m u m  
law of s o l i d i f i c a t i o n  as func t ions  of the a v e r -  

age  r a t e  of s o l i d i f i c a t i o n  COav. 

T h e n  f r o m  Eq. (1) 

(/` -]- 2~t) grad (V25) = (3/` -]- 2~t) a grad (T -t- q0). (4) 

I n t e g r a t i n g  wi th  r e s p e c t  to the  c o o r d i n a t e s  x i and 
a s s u m i n g  tha t  a = cons t ,  we ob ta in  

V2(I ) 3/, 4- 2~t a iT -t- ~ (x~) -~- D (~)], (5) 
k ,+  21~ 

w h e r e  D is  a cons t an t  of i n t e g r a t i o n  which  can  depend 
only on t i m e  r.  

F o r  the  s t r e s s e s  (rik we h a v e  [3] 

02 0 ) 
o~ = 2~ - -  V~O6~k �9 (6) 

Ox~Ox k 

As boundary conditions it is convenient to assign 
the following: 

I) at the outer surface of the body 

O q) ~ f~ (x k, z), (7) 

2) on the  con tour  of the  s o l i d i f i c a t i o n  f ron t  

~ = O, (8) 

In the  p a r t i c u l a r  c a s e  of bod ie s  of s i m p l e  shape  
( inf ini te  s lab ,  in f in i te  c y l i n d e r ,  sphe re )  Eq.  (5) m a y  
be  s i m p l i f i e d  and w r i t t e n  in th.e fo l lowing  d i m e n -  
s i o n l e s s  f o r m :  
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O~P m & + - -  
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-- b[O+ ~(q~) + y (Fo)], 

1 > ~h > C (Fo). 
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Fig.  3. Opt imal  law of c r u s t  growth in an infini te 
s lab.  F i g u r e s  on the cu rves  a r e  values  of Way. 

The 6xpress ions  for  the d i m e n s i o n l e s s  s t r e s s e s  a r e  

1 m OP 
0"11 b '~1 0'~]1 (10) 

0"~ = 

,[ 
b 

_ _  O~p "1 m(m 1) I OP + (11) 
2 n~ On~ On 2 J '  

0"33 

1 [ m ( 3 - - m )  1 OP + 02[' ] (12) 

As the boundary condit ion at the outer  su r face  i t  is  
convenient  to take  the z e r o - d i s p l a c e m e n t  condit ion 

OP ~,=t = O. (13) 
O~h 

Using (10)-(12),  we can wr i t e  the condit ion of ze ro  
s t r e s s e s  at the c r y s t a l l i z a t i o n  f ront  in the fo rm 

OP ~,=~ = O, (14) 

O~h 

a ~  = o. (15) 

In tegra t ing  (9) with r e s p e c t  to ~71 with a l lowance for  
condit ion (14), we obtain 

0~h = ~1-~- [0 + ~P0h)+ y(Fo)lB]nd~h �9 

F r o m  (9) 

O2p mb ; 
,q[H-~ 10 + ~(n*) + y(Fo)InT d ~ h +  

C 

+ b[O + ~ ( q t )  + V (Fo)l. 

(16) 

(17) 

To sa t i s fy  condit ion (15) it  i s  enough that  

y (Fo) = - -  o r - -  ,1, (;). (18) 

Here ,  0 r  is the d ime ns ion l e s s  c r y s t a l l i z a t i o n  t e m -  
p e r a t u r e ,  a constant ,  and by defini t ion 

r  = ~ ( n D l n , = :  �9 

Fina l ly ,  f rom (13), using (16), we obtain 

I 

[0 + ~(rh) + y(Fo)l rl~nd rh = O. (19) 

Using (18), we get  

! l 

j" [r162 nT'dn, = J" (or--o)nTdn . (20) 

Dif ferent ia t ing  (20) with r e s p e c t  to ~ and using the 
fact  that  0 may  be r e g a r d e d  as a function of 7/1 and ~, 
we have 
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Fig .  4. T h e r m a l  condit ions at outer  s u r f a c e  of s lab  ensur ing  s o l i d i f i c a -  
t ion accord ing  to the op t imum law (f igures on curves  a r e  values  of 
r a) va r i a t i on  with t ime  of the  d i f fe rence  of the d imens ion l e s s  
c r y s t a l l i z a t i o n  and su r f ace  t e m p e r a t u r e s  ~ r ' - ~ / I I ;  b) va r i a t i on  in 

t ime  of the  heat  flow f rom the s u r f a c e  qII = -  ~0/~771 lII �9 
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and 
,(r = 

= ( m +  ~) 1 - - ~ , ~ + '  ~ n?dn~+N, 
1 

(2~) 

Where N is an a r b i t r a r y  constant  of integrat ion.  F r o m  
the las t  express ion ,  subst i tu t ing ~I for the upper l imi t  
of in tegrat ion ~ into the second in tegra l ,  by v i r tue  of 
the fact that ~ depends on only one argument ,  we obtain 

'r = 

d~ 
= ( m - t - l ) j '  l - - ~  '~§ .f ~ "q'dd~h+N. 

1 

Using (18), (21), and (22), we have 

0 + @ O h )  + u  = 0 - - 0  r + 

~h 1 

+ ( m +  1) l - - ~  "~+~ ~ nTdn,. 

For  the d imens ion less  s t r e s s e s  we obtain 

(22) 

(23) 

�9 ~ o - / o + , t x  

X 1 -  ~,,,+: - ~  nTdn' nTdm' (24) 

3 - - / / 7 ,  
% 2 G': + o r - -O- (m + 1) x 

' rh 1 

(25) 

~33 

X 

m - -  1 
2 ~ + 0 r - - 0 - - ( m +  1) X 

I_C+: -~- n?dn,. (26) 

F r o m  the wr i t ten  express ions  it follows that the 
s t r e s s e s  in the ingot c rus t  a re  equal to zero if 

~ 1 

0 - - 0 r + ( m +  1) 1 _ ~m+: - ~ -  n~dn~ = o. 
: 

However, in accordance  with (23), this condition 
is equivalent  to the r equ i r emen t  

0 = -- ~ (~i) -- ~ (Fo) ,  

This means  that the t empera tu re  mus t  be expressed  
as the sum of two functions,  one of which depends 
only on the coordinate  Vl, and the other only on t ime 
Fo. Such an express ion  for the t empera tu re  does not 
sat isfy  the heat -conduct ion equa t im and hence cannot 
be rea l ized .  Therefore  the solidifying p roces s  must  

be accompanied by the appearance of t empera tu re  
s t r e s s e s .  The authors of [2] a r r ive  at a s i m i l a r  
conclusion.  

For  an infinite slab (m = 0) f rom (24)-(26) 

~ h  = 0, 

G = G = ~*  = 

= 0 r - O -  ~ O~ (27) 

We assume that solidification proceeds according to a 

linear law: 

= 1 --(o Fo. (28) 

Using the Stefan solution [5] of the p rob lem for the 
t empera tu re  field 

we obtain 

0 = 0 r + I - -  exp [~) (~h-- ~)], 

~0--4) 

I (exp g - -  1) dg= 
Y 

(o(i--~h) 

(29) 

= exp [ o ) ( ~ h -  ~)] - -  1 - - I n  [(1 - -  ~)/(1 - - ~ h ) ]  + 

+ Ei*  [~  ( 1 - 7 , ) ]  - Ei* [~ (t - ~ ) ] ,  (30) 

where 

Ei*(z)= 1 expgdg=C+lnz + 
g n.n! 

- - o o  n ~ l  

When ~/I = 1 (on the sur face  of the slab), using the 
s e r i e s  r ep resen ta t ion  of the functions Ei*(z) and exp(z), 
we obtain 

n=l  /'t! 

Since w(l - ~) _> 0, it follows that a*I~ I = I ~ 0. 
Thus, for a linear law of solidification the stresses 

at the surface of an infinite slab are always tensile 
(plus sign). 

We will specify a more general law of solidification: 

~ = i + 5 - -  1 / 5 2 + k ~ F o .  (32) 

When 5 = 0 it goes over into the f ami l i a r  "square- root  
1 a w "  

= 1 - -  k V - g S ,  ( 33 )  

and when 5 ~ ~o, k 2 --w5 it yields the l inear  law 

~ = 1--r 

It is easy to ver i fy that the solut ion of the inverse  
problem of sol idif icat ion with given law of sol id i f i -  
cation (32) will  be 

,'{ 
0 -- O r ~ kexp erf - -  
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_ e r f (  k 1 - - ~ h + 6 ) } .  (34) 
2 1 - - ~ + 6  

When 6 = 0 this  exp re s s ion  goes over  into the Stefan 
solut ion [6] for  law of so l id i f i ca t ion  (33), and when 
6 ~ ~,  k 2 - 2 w 5  f rom (34) we obtain solut ion (29). 

Using (34), f r om (27) we obtain we obtain 

[(+) ( )] x err - - e r r  k 1 - - ~ h + 6  + 
2 i - - ~ +  6 

;i 
+ 1 _ ~  x 

C 

(35) 

When 5 = 0 this  exp re s s ion  is eas i ly  in tegrated:  

k 1 --~h 

+ [ e x p ( @ ) - - l J l n  1--~1_~ (36) 

Reca l l ing  that  exp (k2/4) - 1 > 0 when k ~ O and that  
the f i r s t  t e r m  in (36) is a bounded quantity,  we obtain 

Thus,  at the  su r f ace  of an infini te  s lab  sol id i fy ing 
accord ing  to law (33) inf ini te ly  l a r g e  c o m p r e s s i v e  
s t r e s s e s  (with a minus  sign) develop.  

The na ture  of the s t r e s s  d i s t r ibu t ion  over  the 
th ickness  of a s lab  so l id i fy ing  accord ing  to laws (28) 
and (33) is  i l l u s t r a t e d  in Fig .  1. 

It should be noted that  at a c e r t a i n  r a t io  of the 
p a r a m e t e r s  k 2 and 5 so l id i f i ca t ion  accord ing  to i n t e r -  
med ia te  law (32) makes  it p o s s i b l e  to obtain a min imum 
(in a c e r t a i n  sense)  s t a t e  of s t r e s s  in the c rus t .  
As the p a r a m e t e r  c h a r e t e r i z i n g  the s t r e s s  level  in the 
s l ab  we will  t ake  the s t r e s s  at the ou te r  su r f ace  (~l = 
= 1) at the end of so l id i f ica t ion  (~ = 0). Then the m i n i -  
mum,  in th is  sense ,  s ta te  of s t r e s s  of the c rus t  is  d e -  
t e r m i n e d  by a ze ro  value of the p a r a m e t e r  o*17=1; ~ =0" 

We in t roduce  the ave rage  r a t e  of growth of sol id  
phase  ~) = 1/Fo*,  which c h a r a c t e r i z e s  the r a t e  of 
so l id i f i ca t ion  for  some law of c r u s t  growth.  F r o m  
(32), cons ide r ing  that  ~(Fo*) = 0, we obtain 

k ~ = c0Av(l q- 25). (37) 

Using (35), we can w r i t e  the condit ion of f m in imum 
s ta te  of s t r e s s  of the c r u s t  in the fo rm 

v;~- V~av(1 + 25) • 
2 

l 

= ; ~__ 1 {exp[o~avg( l+425) (g+26) l__ l  } ( g + 6 )  ~ dg. 

0 

(38) 

F r o m  this  equation the op t imum values  of the  p a r a m e t e r  
5 = 60 were  de t e rmine d  numer i ca l l y  as a function of 
the given r a t e  of so l id i f i ca t ion  Way (Fig.  2). The s a m e  
f igure  a lso  contains  the op t imum values  of k 0 c a l c u -  
la ted f rom (37) 

Hence we find the opt imum law of so l id i f ica t ion  for  
a given r a t e  of so l id i f i ca t ion  Way (Fig.  3) 

The law of va r i a t i on  of the su r f ace  t e m p e r a t u r e  o r  
heat  flow f rom the su r f ace  in t ime  ensur ing  an op t imum 
law of so l id i f ica t ion  can be obtained f rom (34). The 
r e s u l t s  of the co r re spond ing  ca lcu la t ions  a r e  p r e -  
sented in Fig.  4. 

NOTATION 

X i (i = i, 2, 3) denote variable coordinates; ~( is the 

characteristic dimension of the body; r is time; U is 
the displacement vector; U i -its components along the 
coordinate axes (i = i, 2, 3); E is the modulus of elasti- 

city; v is Poisson's ratio; T is temperature; T F is 
the crystallization temperature; a is the linear coef- 
ficient of thermal expansion; F is the body-force 

.vector; @ is thethermoelastic displacement potential; 
@is the fixed value of thermoelastic displacement 
potent ia l ,  D (T) is an a r b i t r a r y  function of t i m e  obtained 
by in tegra t ing  with r e s p e c t  to the coord ina tes ;  ~ik is 
the s t r e s s  t ensor ;  5 ik  is the  Kronecke r  de l ta  (equal 
to 0 w h e n i  t k a n d t o l w h e n i = k ) ;  m is the shape  
fac to r  equal to 0 for  the s lab ,  1 for  the cy l inder ,  2 
for  the  sphere ;  a is  the t h e r m a l  diffusivi ty;  c is the 
spec i f ic  heat;  p is  the spec i f ic  la tent  heat  of c r y s t a l -  
l iza t ion;  X = vE/(1 + v) (1 - 2v); # = E/2(1 + v) an Lam~ 
constants ;  r ( x i ) i s  the potent ia l  of the  vec to r  F/3X + 
+ 2p) a ,  ~?i = x i /X  is a d ime ns ion l e s s  v a r i a b l e  coordina te ;  

is  a d imens ion l e s s  coord ina te  of c r y s t a l l i z a t i o n  
front; Fo = a t / X  2 is d imens ion l e s s  t ime;  Fo* is the 
d imens ion l e s s  dura t ion  of to ta l  so l id i f ica t ion;  P -- r  
is  the d imens ion le s s  t h e r m o e l a s t i c  d i sp l a c e me n t  p o -  
tent ia l ;  b = r  O~ik(X +2 p) c/2#(3~. +2#)ap  is the 
d imens ion l e s s  s t r e s s  t ensor ;  0 = Tc /p  is  the d imens ion -  
l e s s  v a r i a b l e  t e m p e r a t u r e ;  aF = TFC/p is the d i m e n -  
s ion less  c r y s t a l l i z a t i o n  t e m p e r a t u r e ;  r = ~c/p;  
X (Fo) --- Dc/p .  

REFERENCES 

1. A. D. Kovalenko,  In t roduct ionto  T h e r m o e l a s t i c -  
i ty [in Russ ian] ,  Naukova dumka,  1965. 



JOURNAL OF ENGINEERING PHYSICS 367 

2. M. Ya. Brovman and E. V. Surin, IFZh, 6, no. 
5, 1963. 

3. E. Melan and H. Parkus,  W~irmespannungen in- 
folge stat ion~rer Temperaturfelder  [Russian t r ans -  
lation], Fizmatgiz,  1958. 

4. H. Parkus,  Nonsteady Tempera ture  Stresses 
[Russian translation],  Fizmatgiz,  1963. 

5. J. Stefan, Monatsschriff fiir Math. und Phys. 
no. 1-6 ,  1890. 

6. J. Stefan, Ann. der Phys. und Chem.,  vol. 42, 
269-286, 1891. 

1 January 1967 Institute of Ferrous Metal- 
lurgy, Donetsk 


